We study theoretically the luminescence from quantum dots of a ring geometry. For high excitation intensities, photoexcited electrons and holes form Fermi seas. Close to the emission threshold, the single-particle spectral lines aquire weak many-body satellites. However, away from the threshold, the discrete luminescence spectrum is completely dominated by many-body transitions. We employ the Luttinger liquid approach to exactly calculate the intensities of all many-body spectral lines. We find that the transition from single-particle to many-body structure of the emission spectrum is governed by a single parameter and that the distribution of peaks away from the threshold is universal.
I. INTRODUCTION
Photoluminescence (PL) from zero-dimensional objects (quantum dots) is one of the highlights in physics of nanostructures which emerged during the last decade. Early papers (see, e.g., Refs. 1,2, and the review article Ref. 3) reported the PL spectra consisting of "zero-width" luminescence lines. High surface density of quantum dots caused an ambiguity in assigning of these lines. In the later studies the emission from a single dot was resolved. This progress 4 has permitted the PL spectroscopy of individual dots with controllable exciton population determined by the excitation intensity, and also at tunable charge states.
5,6
At low excitation intensity the number of excitons in a dot is either one or zero. Then the emission line corresponds to the transition between the lowest size-quantization levels in the conduction and the valence bands. Upon increasing the excitation intensity, the number of excitons in a dot, N, can be larger than one. This leads to the features in the PL spectrum which must be interpreted in terms of recombination within many-exciton complexes.
7-16
Different recombination processes within a complex result in a multitude of the emission lines. One reason for an emergence of additional PL lines is that, for N > 2, the carriers constituting the complex occupy higher size-quantization levels. Another reason, is that the the interactions between the strongly confined photoexcited carriers lift the degeneracies of the final many-body states. The latter mechanism of interaction-induced multiplication of the emission lines was addressed in Refs. 11,12,17 for the situations with 17 and without 11, 12 orbital degeneracy of single-particle states. The calculations carried out in Refs. 11,12,17 predicted the splittings of the PL lines, originating from different many-body final states, to be of the order of the matrix element of the interaction potential. The actual positions of the lines predicted by these calculations reproduce quite accurately the experimental PL spectra of Refs. 11-14 (for up to N = 16) and of Ref. 16 (for 1 ≤ N ≤ 6). Within the approaches of Refs. 11,12,17, each many-body line corresponds to recombination of an electron and a hole having the same size-quantization quantum numbers. We note here that in the experiment 11, 12 additional emission lines have been observed that were identified with the transitions between different size-quantization levels. These transitions originate from a shake-up effect in a confined electron-hole system. Namely, the radiative recombination of an electron-hole pair is accompanied by an internal excitation within the exciton multiplex. These many-body processes are missed within the theoretical approaches of Refs. 11,12,17. Meanwhile, as we argue below, the PL lines originating from the shake-up processes multiply very rapidly with increasing N, and for high enough N become the dominant feature of the PL spectrum. Here we develop a theory of the many-body luminescence from a quantum dot for the limiting case N ≫ 1.
When a number of photoexcited carriers is large, an adequate description of PL from a dot must be developed in terms of Fermi seas formed by equal numbers (determined by excitation) of electrons and holes in conduction and valence bands, respectively (see inset in Fig. 1) . As in the case of a small number of carriers, such a description is based on the fact that PL is preceeded by a fast nonradiative relaxation of electrons and holes into the corresponding ground states. [11] [12] [13] [14] [15] [16] Microscopic mechanism of this relaxation is addressed, e.g., in Ref. 18 .
For noninteracting system, the emission lines would correspond to transitions between size-quantization levels in conduction and valence bands which obey the selection rules.
Within this description, the single-particle emission spectrum near the Fermi edge is given by the Golden rule,
where ∆ 1 and ∆ 2 are level spacings for electrons and holes; C n are the oscillator strength which depend on n only weakly (ω < 0 is measured from the Fermi edge).
As discussed above, the many-body transitions, resulting from interactions of carriers in a dot, change qualitatively the form of the spectrum. Analogously to recombination within an exciton multiplex, here a removal of an e-h pair shakes up the respective Fermi seas by causing them to emit Fermi sea excitations. Since in a finite system, the energies of excitations are quantized, such a shake-up would lead to the spectrum of a form
rather than Eq. (1). Here∆ 1 and∆ 2 are the level spacings renormalized by interactions.
All the information about many-body correlations in the system is encoded in the oscillator strengths C mn . As we will see below, C mn , being governed by interactions, are strong functions of m and n. The goal of the present paper is to demonstrate that the oscillator strengths C mn can be evaluated analytically for a dot of a ring geometry. Such dots have been recently fabricated 5 and their emission spectra (including many-body effects) were studied for low excitation intensities both experimentally 19, 20 and theoretically. [21] [22] [23] [24] [25] [26] Our approach is valid when the number of carriers, N, is large enough (the accuracy is 1/N). However, this "asymptotic" consideration allows us to establish the universal properties of the many-body spectrum away from the threshold.
For a ring-shaped dot, the electron and hole Fermi seas represent one-dimensional (1D) systems. This allows us to use the finite-size Luttinger-liquid description 27 for calculation of the emission spectrum. Note that the Luttinger liquid model was employed earlier for calculations of the Fermi-edge optical properties of infinite 1D systems (with and without defects) in Refs. 28-32. We show that due to a finite size of the system, the structure of the emission spectrum is different in low-and high-ω domains. Namely, for µ ln|ω/(∆ 1 +∆ 1 )| ≪ 1 (low frequencies) the spectrum is dominated by single-particle peaks; many-body satellites have a relative magnitude ∼ µ, where µ ≪ 1 is the dimensionless interaction strength (Luttinger liquid parameter). For high frequencies (i.e., µ ln|ω/(∆ 1 +∆ 1 )| ≫ 1), the many-body peaks completely dominate the spectrum; roughly speaking, in the high-ω domain, the oscillator strengths of single-particle peaks are evenly distributed among the multitude of many-body peaks. Furthermore, the peaks cluster into groups (generations), so that the patterns of peaks within the neighboring generations are almost identical.
II. EMISSION FROM A LUTTINGER LIQUID RING
We start with the two-component Luttinger liquid model on a ring 36 with Hamiltonian H 1 + H 2 + H int , where H j describe noninteracting electrons (j = 1) and holes (j = 2) with linearized dispersions (the slopes are determined by the Fermi velocities v j ); H int describes the interactions between carriers via screened potential U(x). The e-h recombination rate is given by the Golden rule
where E i and E f are the energies of initial (ground) and final (with e-h pair removed) states, and
is the dipole transition operator. Here ψ i± are annihilation operators for left (−) and right (+) moving carriers, d is the interband dipole matrix element, and L is the ring circumference. Note that recombination occurs between left (right) electrons and right (left) holes. The recombination rate is then expressed via a four-particle Green function,
In order to evaluate D ± (x, t) for a two-component Luttinger liquid, [33] [34] [35] we use the bosonization technique on a ring. 36 A straightforward calculation yields (see Appendix A)
where δ P = π(v 1 +v 2 )/L is the energy shift (to be absorbed into the frequency) due the change in the parity of electron and hole numbers, and ǫ is a cutoff. The coordinate dependence of
Here the renormalized Fermi velocitiesṽ j and interaction-induced exponents µ j are expressed via two-component Bogoliubov's transformation angles derived in Appendix A. Correspondingly, the level spacings are now∆ j = 2πṽ j /L. The interaction strength is characterized by the ratio u/v j , with
being the Fourier of screened potential; this ratio represents the average (screened) interaction in units of the (bare) level spacing near the Fermi energy. For weak interactions, u/v j ≪ 1, we have (see Appendix A)
The correlator D α (x, t) is periodic in variables z jα . In order to carry out the integration in Eq. (5) we first perform the Fourier expansion of
where B(x, y) is the Beta-function. Substituting this expansion into Eq. (6), and then into Eq. (5), we arrive at the expected form Eq. (2) of the emission spectrum with the coefficients C mn cast in the following closed form (see appendix B).
Note, that the sum in Eq. (2) is constrained by the selection rule that m and n are of the same parity, i.e., the combinations
which enter into the rhs of Eq. (11), are integers. This is the result of the linear dispersion of electrons and holes near the Fermi levels. Formula (11) for the oscillator strengths is the main result of this section. It is easy to see that it correctly reproduces the non-interacting limit. Indeed, upon setting µ i = 0, the integral over φ 3 yields C mn = δ mn . Another important limiting case m, n ≫ 1 corresponds to the transitions well away from the Fermi edge. In this case, the main contribution to the integral (11) comes from the domain φ 1 + φ 2 ∼ (m + n) −1 ≪ 1. Within this domain, one can neglect the difference between φ 1 and −φ 2 in the last two factors in the denominator. Then the integrals over φ 1 , φ 2 factorize, yielding
with
where Γ(x) is the Gamma-function. It can be seen from Eq. (14) that, for a given N, the oscillator strengths, C mn , fall off as C mn ∝ |M| µ 1 +µ 2 −1 with increasing |M| = 1 2 |m − n|. This slow power-law decay reveals strong correlations within electron-hole system on a ring. Finally, using the large x asymptotics of Γ(x), we obtain the expression for the oscillator strengths valid for N, |M| ≫ 1,
where
III. MANY-BODY STRUCTURE OF THE EMISSION SPECTRUM
The general expression (11) determines the heights of the emission peaks, while the order of the peaks with different {m, n} is governed by the δ-functions in Eq. (2), which ensure the energy conservation. Therefore, this order depends crucially on the relation between∆ 1 and∆ 2 . Moreover, a commensurability between∆ 1 and∆ 2 leads to accidental degeneracies in the positions of the emission lines. However, in order to establish the general properties of the spectrum, it is instructive to consider first two particular cases of commensurate∆ 1 and∆ 2 .
We start with the symmetric case∆ i =∆/2 (and, hence, µ i = µ/2). The peak positions, as determined by Eq. (2), coincide with those for single-particle transitions, |ω| = N∆. The corresponding oscillator strengths can be straightforwardly evaluated from Eq. (11) as
For N ≫ 1, the denominator of the integrand can be expanded, yielding
Note that single-particle oscillator strengths correspond to c N = 1. We thus conclude that interactions affect strongly the peak heights for |ω/∆| 2µ ≫ 1, i.e., in the high frequency domain. In fact, even for an arbitrary relation between∆ 1 and∆ 2 , the crossover between "single-particle" and "many-body" domains of the spectrum is governed by the dimensionless parameter µ ln|ω/(∆ 1 +∆ 2 )|.
Indeed, consider now the case∆ 1 = 3∆ 2 (and thus µ 2 ≃ 9µ 1 ) which renders a spectrum richer than (1) and (17) . As follows from Eq. (2), the spectral positions of the peaks are given by |ω|/(∆ 1 +∆ 2 ) = l/2, where l is an integer. The corresponding oscillator strengths can be evaluated explicitly from Eq. (11) (see appendix C). The final result reads
The above result illustrates how the structure of the spectrum evolves as the frequency departs from the Fermi edge. For µ ln| ω ∆ | ≪ 1, each single-particle peak, |ω| = l∆ acquires a weak many-body satellite at |ω| = (l + )∆. In the opposite limit, µ ln| ω ∆ | ≫ 1, the oscillator strength of an "integer" peak gets equally redistributed between the components of the doublet. The crossover frequency, Ω, separating the "single-particle" and the developed many-body domains of the spectrum is determined by the condition ln|
The spectrum (18) is schematically depicted in Fig. 1 .
Let us turn to the structure of the spectrum in the general case of incommensuratẽ ∆ 1 and∆ 2 . We start from the observation that the peak positions can be classified by "generations". Namely, once a peak {m, 0} (or {0, n}) emerges at ω = ω m = −m∆ 1 (or ω = ω n = −n∆ 2 ), it is followed by next generations of peaks ω
repeating with a period∆ =∆ 1 +∆ 2 . Thus, for a crude description of the spectrum away from the Fermi edge it is convenient to divide the frequency region ω < 0 into the intervals of width∆.
The number of peaks within the spectral interval {−|ω|, −|ω| −∆} is the number of integers satisfying the conditions |ω| < m∆ 1 + n∆ 2 < |ω| +∆. This number is equal to
where we assumed |ω| ≫∆ and took into account the parity restriction. From Eq. (19) we find the peak density g ω = N ω /∆ = |ω|/2∆ 1∆2 . It also follows from (19) that N ω−∆ − N ω = ∆ 2 /2∆ 1∆2 generations start within each interval. Since the heights of consecutive peaks within the interval∆ vary non-monotonically, it is natural to characterize these heights by the distribution function
where C mn is given by Eq. 
is the typical value of the oscillator strength. On the other hand, the average oscillator strength, which can be easily calculated from Eq. (20) , is equal to C = µ −1 C 0 ≫ C 0 . The distribution function F (C) is schematically depicted in Fig. 2 . The fact that C decreases with |ω| can be understood in the following way. As it is seen from Eq. (17) , in the symmetric case, with only a single peak per interval∆, the peak heights increase with |ω| as | ω ∆ | 2µ . In the general case, this spectral intensity gets redistributed between N ω different peaks. Thus,
IV. CONCLUSIONS
In the present paper we derived the emission spectrum from a highly excited ring-shaped quantum dot. In this system electron-electron, hole-hole and electron-hole interactions relax the momentum conservation leading to a multitude of discrete emission lines. Luttinger liquid model employed in our calculation allows to evaluate the overlap integrals between the correlated initial and final many-body states. These overlap integrals determine the intensity of the corresponding spectral lines.
The theoretical value of the dimensionless interaction parameter µ is determined by the ratio of screened interaction U to the level spacings∆ 1 and∆ 2 at the corresponding Fermi levels. Both quantities depend on the number of excited carriers, N, which in turn is determined by the excitation intensity. This, and the sensitivity of the screening to the details of experimental setup, lead to a common ambiguity in the theoretical determination of µ. For example, in quantum wires, the value of µ measured in resonant tunneling experiments, 37, 38 was significantly larger then theoretical estimates. Concerning the estimates for∆ 1 and∆ 2 , in the experimental paper Ref. 5 on luminescence from ring-shape dots, the total energy separation∆ between the lowest level was approximately 5 meV. This value comes almost exclusively from the conduction band, due to the large ratio of the electron and hole effective masses. Both∆ 1 and∆ 2 increase linearly with increasing N. This implies that the shakeup processes within the hole system are experimentally much more relevant than those for electrons.
Note finally, that for emission from a finite electron-hole 1D system considered here, the physics underlying the interaction-induced multiplication of the number of lines with departure from the Fermi level is analogous to that for tunneling into a disordered quantum dot. Here calculate the Green function (6) using a bosonisation scheme for multicomponent Luttinger liquid on a ring. 36 The right/left fermion fields are presented as
where right/left (α = ±) bosonic fields ϕ jα (x) are related to the corresponding densities as
(ǫ is a cutoff). The bosonic field has a decomposition
where the number operator N jα and its conjugate ϕ 0 jα satisfy the commutation relations
and the periodic fieldφ jα (x) =φ jα (x + L) has a standard form,
with a qj and a † qj satisfying boson commutation relations [θ(x) is the step function]. The boundary condition for the fermion fields, ψ jα (x + L) = (−1) N j ψ jα (x), depends on the parity of the number of particles, N j = 2N jα . The Hamiltonian H = H 0 + H int is quadratic in boson fields:
and
where U jl (x) is the screened potential. Using Eqs. (A2) and (A4), and after separating out the zero-mode part of the Hamiltonian H 0 from the bosonic partH, the total Hamiltonian H = H 0 +H can be written as
where u jl = π −1 dxU jl (x). In order to calculate correlation functions, the HamiltonianH, corresponding to the second term of (A7), has to be brought to the canonical form. This is done in two steps. First, we perform a two-component Bogolubov's transformation in order to eliminate the cross-terms with opposite momenta,
We then obtainH
where the matrices X and Y must satisfy
Second, we diagonalize the Hamiltonian (A9) by first presenting the matrices X and Y as
where λ jl = λ j δ jl is diagonal matrix of Bogolubov's angles λ j and O is an orthogonal matrix, and then by introducing new boson operators c qj = l O jl b ql . The HamiltonianH then takes the formH
with renormalized Fermi velocitiesṽ j = e −2λ j v j . The old and new boson operators are related as
Using the decomposition (A11), Eq. (A10) takes the formÕAO = 0, whereÕ is the transposed matrix, and the matrix A is given by
The Bogolubov's angles λ j are found from the condition that all the eigenvalues of A jl vanish. In a two-component case, this yields
In the case of weak interactions, u jl /v j ≪ 1, we have
With the Hamiltonian (A12), the time-dependence of new operators is standard, c qj (t) = e −iṽ j |q|t c qj . Using the relation (A13), the periodic fields take the form
The time-dependence of zero-modes is governed by the zero-mode part (first term) of the Hamiltonian (A7). The time-dependent bosonic field is finally obtained as
We are now in position to calculate the Green functions. For this, we separate out annihilation and creation parts of the bosonic field (A16),φ jα (x, t) =φ
, which satisfy the following commutation relations
with z jα = x − αṽ j t. Then we present the fermion operator (A1) in the normal-ordered form,
where we again separated out zero-mode and periodic parts. Using Eq. (A19) together with commutators (A3) and (A18), the correlation functions can be straightforwardly calculated. For the Green function (5), we obtain
where δ P = π(v 1 + v 2 )/L and δ u = π(u 11 + u 22 + 2u 12 )/2 are energy shifts due the changes in the parity of electron and hole numbers and in the Coulomb energy, caused by a removal of an e-h pair. We assume that the screened interaction is the same for electrons and holes, u 11 = u 22 = −u 12 = u, so that δ u = 0. Then, after absorbing the factor 2π/L into ǫ, we arrive at Eq. (6). Note finally that the above calculation is easily generalized if the ring is penetrated by a magnetic flux φ. In this case, the electron and hole number operators should be shifted by constants, N 1α → N 1α + αφ/φ 0 and N 2α → N 2α − αφ/φ 0 , where φ 0 is the flux quantum. This results in a replacement δ P → δ P (1 − 2αφ/φ 0 ) in Eq. (6).
APPENDIX B:
Substituting the Fourier expansion
into Eq. (6), D α (ω) takes the form
where we absorbed the parity shift δ P into ω. The Kroniker delta and the delta-function reflect the conservation of momentum and energy, respectively. Thus, we obtain
Finally, using integral representation for the Beta-function in Eq. (B1) we arrive at Eq. (11) . The sum in Eq. (B4) is constrained by the selection rule that m and n are of the same parity, as can be seen from Eq. (B3). From Eq. (B4), the emission spectrum (2) follows.
APPENDIX C:
Here we consider the case when the level spacings in the conduction and valence band are commensurate:∆ 1 /∆ 2 = p/q, where p and q are integers. Then Eq. (2) takes the form
where Q = p + q, P = p − q,∆ =∆ 1 +∆ 2 , and
Using the relation
the oscillator strengths can be presented as
Using integral representation (11), the sum over M can be explicitly performed. For k/Q = |ω|/∆ ≫ 1, the resulting expression for coefficients f l takes the form
where s l = e i2πlP/Q . The l-dependence of f l (k) is determined by the relative magnitude of Q/k and |1 − s l |:
for k/Q ≪ |1 − s l | −1 , and
for k/Q ≫ |1 − s l | −1 , with the two estimates matching at k/Q ∼ |1 − s l | −1 . In the case∆ 1 /∆ 2 = 3, corresponding to P = 2 and Q = 4 so that s l = (−1) l , the coefficients f l take two different values depending on the parity of l,
yielding
with µ = µ 1 + µ 2 . Obviously, C k = 0 for k odd. For k even, we have In low-frequency domain, the single-particle peaks acquire weak many-body satellites; in high-frequency domain, the heights of the single-particle (|ω|/∆ = l) and many-body (|ω|/∆ = l + 1/2) peaks are close to each other. Inset: Single-particle spectra of electrons and hole in conduction and valence bands, respectively; ω th is the energy distance between the corresponding Fermi levels. (20) of the peak heights within the interval∆ is plotted schematically versus x = C/C 0 . The minimal value of x is x min ∼ 1, while x max ∼ |ω/∆| 1−µ ≫ 1.
FIG. 2. The distribution function
The point x = µ −1 corresponds to the average oscillator strength. 
